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In this paper we present some extensions of the fixed-point theorems for 
multivalued inward mappings of Browder [3], Ky Fan [IO], Halpern [7], 
and others. In particular, our results will include the earlier fixed-point 
theorems of Ky Fan [9], Glicksberg [5], and Bohnenblust and Karlin [l]. 
In his thesis [6], Halpern initiated the study of fixed-point theorems for 
continuous single-valued mappings T: D C X--+ X which are inward, in the 
sense that 
(i) for each x E D, 
T(~)EI~(x)={~EXIX+A(~--x)~D,forsomeX>Of, 
where D is a compact convex subset of a locally convex topological vector 
space X. Browder [3] considered upper semicontinuous multivalued mappings 
T: D + K(X) satisfying the condition that 
(ii) For each x E D, T(x) n I,(x) # a, 
where K(X) is the set of closed convex subsets of X. Subsequently, Browder’s 
result ([3, Theorem 31) was extended by Ky Fan [IO] to upper demicontinuous 
mappings and by Halpern [7] to the case where T(x) r\ ID(x) # B for each 
x E D and also to the case when D is not required to be compact but T(D) 
has compact closure. 
In our papers [15, 161, a topological degree and corresponding fixed-point 
theorems have been obtained for the class of ultimately compact vector 
fields defined on the closures of open sets lying in separated locally convex 
topological vector spaces; we also obtained some fixed-point theorems for 
condensing and generalized condensing mappings defined on closed convex 
sets. 
The fixed-point theorems of this paper are based upon an approach (see 
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Lemma 1) used in the definition of the topological degree in [15, 161 and in 
the definition of a fixed-point index for single-valued ultimately compact 
vector fields in Sadovsky [19]. The class of mappings treated in this paper 
includes ultimately compact mappings, generalized condensing mappings, 
ball-condensing and set-condensing mappings, and, in particular, compact 
mappings; we assume that these mappings are defined on closed convex sets 
and satisfy condition (ii). 
After the results of this paper were obtained, we received a reprint [17] 
from S. Reich in which a fixed-point theorem for multivalued ball-condensing 
mappings defined on closed convex sets and satisfying condition (ii) was 
obtained by use of different arguments. At the end of this paper, we will 
indicate how a fixed-point theorem for certain condensing mappings can be 
obtained without either the use of transfinite induction (as in Lemma 1) or 
by use of Zorn’s Lemma (as in [ 17, 181). 
1. PRELIMINARIES 
Unless otherwise specified, X will denote a separated locally convex 
topological vector space, while K(X) and CK(X) will denote the families 
of convex closed and convex compact subsets of X, respectively. As usual, 
T: D C X-t 2x is called upper semicontinuous if for each x E D and 0 an 
open subset of X which contains T(x), there is a neighborhood U of x such 
that if y  E D n U, then T(y) C 0. Following Ky Fan [lo], we say that 
T: D + 2x is upper demicontinuous if for every x E D and each open halfspace 
H containing T(x), there is a neighborhood U of x such that if y  E D r\ U, 
then T(y) C H. 
In what follows, if D C X is convex, we call a mapping T: D + 2X inward 
provided that 
(1) for each x E D, there is a y  E T(x) and X E [0, 1) such that 
hx+(l -A)ygD. 
It is clear that the above condition (1) is equivalent, in view of the con- 
vexity of D, to condition (ii), and, as Ky Fan [lo] has pointed out, it is also 
equivalent to the condition used in Theorem 3 of Browder [3] (since on 
D\S(D) the condition is necessarily satisfied). 
Ky Fan [lo] has considered the case when mappings T: D -+ 2x and 
F: D + 2x, where D is convex, are such that 
(2) for each x E D, there is a y  E D, u E T(x), ‘u E F(x), and a X > 0 such 
that y  - x = X(z1 - v). 
It is not difficult to see that T and F satisfy condition (2) if and only if the 
mapping S = I + T - F satisfies condition (l), and that x E S(x) if and 
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only if T(x) n F(x) # a. Furthermore, h in condition (2) may be chosen so 
that h E (0, I]. 
The following concept, in the case of single-valued mappings, was intro- 
duced in [12]. 
DEFINITION 1. A mapping T: D ---f 2x is called generalized condensing if 
whenever Q C D, T(Q) C f2, and Q\G T(Q) is relatively compact, then Sz 
is relatively compact, where Co T(Q) is the convex closure of T(Q). 
Every compact mapping is generalized condensing, and further examples 
will be given below. 
DEFINITION 2. If  C is a lattice with a minimal element, which we will 
denote by 0, a mapping @p: 2x -+ C is called a measure of noncompactness 
provided that the following conditions hold. 
(1) @(Z Q) = Q(Q) for each Q E 2x. 
(2) G(Q) = 0 if and only if Q is precompact. 
(3) @(A u B) = maxi@(A), Q(B)} for each A, B E 2x. 
It follows immediately that if A C B, then @(A) < a(B). 
The above notion has been used in [16, 191 and is a generalization of the 
set- and ball-measure of noncompactness defined either in terms of a family 
of seminorms or a norm. Specifically, if {PU 1 01 E A} is a family of seminorms 
which determines the topology of X, then for each OL E A and D C 2x we let 
y,(Q) = inf{d > 0 1 Sz can be covered by a fmite number of sets 
each of P,-diameter less than d} 
and 
~$2) = inf{r > 0 / Q can be covered by a finite number of Pm-balls 
with radius less than r}. 
Then, letting C = {f: A + [0, co]}, with C ordered pointwise, we define the 
set-measure of noncompactness y: 2x + C by (y(Q)) (a) = ,(a), for each 
CYEA and .QE~~, and the ball-measure of noncompactness x: 2x+ C 
by (x(Q)) (a) = x0(Q), for each 01 E A and Gr C 2x. A number of other measures 
of noncompactness, suitable for specific X, may be exhibited (see [16, 191 for 
examples). 
DEFINITION 3. Let @ be a measure of noncompactness on X. A mapping 
T: D -+ 2x is called D-condensing provided that if D C D with @(T(Q)) > 0(Q), 
then Q is relatively compact. 
It follows that every @-condensing mapping is generalized condensing. 
Recalling that X is said to be quasicomplete if each closed bounded subset of 
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X is complete, we see that a compact mapping is @-condensing if either the 
domain D is complete or if X is quasicomplete. Every mapping defined on a 
compact set is necessarily @-condensing. 
Various families of @-condensing mappings have been considered in [13, 
14, 16, 191. 
2. FIXED-POINT THEOREMS 
Using Theorem 6 of Ky Fan [IO] and Lemma 1 below, we establish a 
number of fixed-point theorems for certain upper demicontinuous mappings 
which are defined on closed convex sets and which satisfy condition (l), 
( i.e., are inward). 
LEMMA 1. Let X be a separated locally convex topological vector space, D 
a closed convex subset of X, and T: D -+ 2*. If Q C D, then there exists a closed 
convex set K = K( T, D, Q) with Q C K and EG{ T(D n K) u Q} = K. 
Proof. We will construct a transfinite sequence of closed convex sets 
(K,). Let K,, = EG{T(D) u Q}. Now, suppose that a is an ordinal such that 
K, has been defined if 7 < (Y. If  CL is an ordinal of the first kind, we let 
K, = &i(T(K,-, n D) u Q}, while if 01 is an ordinal of the second kind, we let 
We claim that 
K, = n K, . 
Vi= 
(4) T(K, n D) u Q C K, C K, whenever a! and b are ordinals with 
a 3 B. 
Indeed, if 01 = 0, then (4) is certainly valid. So suppose 01 is an ordinal 
such that (4) holds for all ordinals 7 < (Y. If  01 is an ordinal of the first kind, 
then, since by definition Z{T(K,-, n D) U Q} = K,, and by inductive 
hypothesis T(K,-, n D) u Q C KzW1 , we have K, C Km-, , so that 
T(K,nD)uQCT(K,-,nD)uQCK,CK,, 
if /3 < 01. On the other hand, if 01 is an ordinal of the second kind, then, since 
Km = ha K,, , it is clear that K, C K, if a! > i3 and also that 
T(K,nD)uQCn T(K,nD)uQCn K,,=K,. 
TIC,2 ?I<a 
It follows that (K,) is a decreasing transfinite sequence of closed nonempty 
convex sets each of which contains Q. Hence, there exists an ordinal y  of the 
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first kind such that K,, = KY-, , and hence K, = KY for all ordinals 7 > y. 
Let K=K(T,D,Q)=K,. Then Q C K and Z{T(D n K) u Q} = K. 
Q.E.D. 
Our first result is the following theorem from which we deduce a number of 
fixed-point theorems for ultimately compact, generalized condensing, and 
@-condensing mappings. 
THEOREM 1. Let X be a separated locally convex topological vector space, 
and let D be a closed convex subset of X. Let T: D - K(X) and F: D + K(X) 
be upper demicontinuous, with either T(x) or F(x) compact for each x E D. 
Suppose that T - F + I = S is such that K n D is compact for 
K = K(S, D, A), where A is some nonempty subset of D. Suppose that T and F 
satisfy condition (2). Then there exists some x E D with T(x) n F(x) # 0. 
Proof. From Lemma 1, we know that K r> A and that S(K n D) C K. 
We will verify that T and F satisfy condition (2) on K n D. Indeed, if 
x E D n K, then there is a y  E D, u EF(x), v  E T(x), and h E (0, l] with 
y  = x + X(u - v). But y  = (1 - A) x + h(u - v  + x) and, since x E K n D, 
u-v+xxS(x)CS(DnK)CK.Th is and the convexity of K imply that 
y  E K and therefore y  E K n D. Hence, by Theorem 6 of Ky Fan [lo], there 
is some XEDnK with T(x)nF(x)# o. 
Remark. The condition (2) is equivalent to the requirement that S be 
inward while the assertion that T(x) n F(x) # G for some x E D is equivalent 
to the assertion that x E S(x) for some x E D. In view of this, Ky Fan’s 
Theorem 6 in [lo] and Browder’s Theorem 3 in [3] are equivalent in case 
the mappings involved are upper semicontinuous. We add in passing that if 
T: D + K(X) is inward, then S is inward when F = 1, and if F: D ---f K(X) 
is outward ([3, 7]), then S is inward when T = I. Hence, the single-valued 
theorems of Halpern [7] and the multivalued Theorems 3 and 5 of Browder [3] 
are included in our Theorem 1 when D is compact. 
COROLLARY 1. Let X and D be as in Theorem 1. Suppose that T: D + K(X) 
is upper demicontinuous and satis$es condition (1). I f  K n D is compact, where 
K = K( T, D, A) for some A C D with A # 0, then T has a fixed point. 
Proof. LettingF =I, our conclusion follows immediately from Theorem 1. 
PROPOSXTION 1. Let X and D be as in Theorem 1. Suppose that 
T: D-K(X) and F: D --f K(X) are such that S = T -F + I is upper 
demicontinuous, either T(x) OY F(x) is compact for each x E D, and S is generalized 
condensing with S(D) C D. Then there is some x E D with T(x) n F(x) # O. 
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Proof. Let x0 ED, and let A = &, Si(x,), where S”(xo) = {x0}. Then 
S(A) C A and A\Kr S(A) C (x0}, so that A\G S(A) is relatively compact. Thus 
A is relatively compact, and hence, as in [8], one may choose a compact set 
M C D with Co S(M) 3 M. Now consider K = K(S, D, M). Since 
K = K n D, we have cO{S(D n K) u M} = G{S(K) u M> = K, and since 
Co S(K) 3 M, we have co S(K) = K. Thus, K is compact, and the result 
follows from Theorem 1. Q.E.D. 
Remark. In case F = I and T is upper semicontinuous, Proposition 1 
was proven in [16]. 
PROPOSITION 2. Let X and D be as in Theorem 1. Suppose that 
T: D + K(X) and F: D + K(X) are upper demicontinuous, satisfy condition 
(2), either T(x) or F(x) is compact for each x E D, and such that S = T - F + I 
is @-condensing. Then there is some x E D with T(x) n F(x) # m. 
Proof. In view of Theorem 1, it suffices to show that K n D is compact, 
where K = K(S, D, {x0}) and x0 is any element in D. Now, by Lemma 1, 
cO{S(D n K) u {x0}) = K, and, therefore, 
@(S(D n K)) = @(S(D n K) u {x0}) 
= @(G{S(D n K) u {x0)}) 
= G(K) 3 @(D n K), 
so that Dn K is relatively compact, and thus compact since it is closed. Q.E.D. 
COROLLARY 2. Let X and D be as in Proposition 2. Let T: D -+ K(X) be 
upper demicontinuous and assume that either T is @-condensing and satisfies (1) 
or that T is generalized condensing and T(D) C D. Then there is an x E D with 
x E T(x). 
Proof. The conclusion follows from Proposition 1 and 2, where we let 
F =I. 
As in [16, 191, we shall say that an upper demicontinuous mapping 
T: D + K(X) is uZtimateZy compact if T(K n D) is relatively compact, where 
K = K(T, D, A) and A is any precompact subset of D. 
PROPOSITION 3. Let Xand D be as in Theorem 1. Assume that T: D + K(X) 
is ultimately compact and satisfies condition (1). If X is quasicomplete, then T 
has a Jixed point. 
Proof. By Corollary 1, it suffices to show that K n D is compact for 
K = K(T, D, {x0}). But K = Z{T(K n D) u (x0}}, and, since in a quasi- 
complete space, the convex closure of a precompact set is compact, K is 
compact, and so is K n D. 
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Remark. As a special case of Corollary 2, we have the extension of Theo- 
rem 3 in Browder [3] due to Ky Fan [lo] for D compact, which, in particular, 
contains the theorems of Ky Fan [9], Glicksberg [5], and Bohnenblust and 
Karlin [l]. Proposition 3 contains Theorem 6 of Halpern [7] for T(D) relative- 
ly compact and X complete, and Theorem 3.5 and 4.1 of Reich [17] for T 
ball-condensing and X quasicomplete since in a quasicomplete space every 
@-condensing (and, in particular, every ball-condensing) mapping is ultimately 
compact. The result in [4, 81 for ball-condensing self-mapping is also a special 
case of Proposition 3. 
We shall now define the class of k-@-contractive mappings, which contains, 
in particular, k-ball-contractions and k-set-contractions. 
DEFINITION 4. Let @: 2x ---f C be a measure of noncompactness, where 
we additionally assume that C is such that for each c E C and X E R, with 
h > 0, there is defined an element hc E C. If  k E R, with k > 0, then a mapping 
T: D + 2x is called a k-@-contraction provided that @(T(Q)) < k@(Q) for 
each Sz CD and T(D) is bounded. 
As in [16], one may show that if T: D +2x is a k-@-contraction, with 
0 < k < 1, and @ = y  or x, then T is @-condensing if either X is quasi- 
complete or if D is complete. 
Using Corollary 1, we establish the following fixed-point theorem for 
1 -@-contractions. 
THEOREM 2. Let @ be either y or x, and suppose D C X is closed and convex. 
Assume that either X is quasicomplete or that D is complete. Suppose that 
T: D ---f K(X) is an upper demicontinuous I-@-contraction which satis$es 
condition (1) on D. Furthermore, assume that whenever {x,} C D withy,, E T(x,) 
for each n and (xn - yn> -+ 0, then there exists an x E D with x E T(x). Then T 
has a jixed point. 
Proof. We may assume that 0 E D. Let (h,) C (0, 1) with (X,) + 1. 
For each n, let T, = &T. Then, since Q, is positively homogeneous, each T, 
is a &-@-contraction and so is @-condensing. Moreover, each T,, satisfies 
condition (1) on D. Indeed, let n be a positive integer, and let x E D. Since T 
is inward on D, we can choose /3 E [0, 1) and y  E T(x) with /Ix + (1 - p) y  E D. 
Since D is convex and 0 E D, we have /3x E D, and, consequently, 
Thus T,, is inward on D. Hence, by Corollary 2, for each n, there exists 
x, E D and y,, E T(x,) with x, - &yn = 0. Now, (m} is bounded and 
(1 - A,) + 0, so that (( 1 - h,) y3 - 0, which implies that ix,, - yll) + 0. 
Hence T has a fixed point. 
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Remark. Theorem 2 remains valid for more general measures of non- 
compactness than y or x. If @: 2x -+ C is a measure of noncompactness such 
that when d E C with d # 0 and @(Q) 3 d for some bounded set Q C D, 
then d > hd for 0 < X < 1, then the result is valid. Besides y and x, there are 
useful measures of noncompactness on C[O, l] and D’[O, l] which have this 
latter property ([16, 191). 
In case Int(D) # ia and 0 E D, Theorem 2 has been proved in [15, 161 
for a upper semicontinuous 1 @-contraction satisfying the Leray-Schauder- 
type condition on the boundary 8D of D. 
Following Sadovsky [19], we shall say that a single-valued mapping 
T: D -+ X is a generalized contraction if for any x, y E D and 01 E A, where 
{p, ! 01 E A} is a family of seminorms defining the topology on X, we have 
PAT(X) - T(Y)) G cz&+ - Y)) P& - rh 
where qa: [0, co) --f [0, cc) is such that for each [a, b] C (0, co), 
sup $44 < 1. 
=[a,bl 
LEMMA 2. Let D C X be bounded and assume that either X is quasi- 
complete or that D is complete. If T: D -+ X is a generalized contraction, then it 
is y-condensing. 
Proof. Let Sz C D, and suppose that Sz is not relatively compact. Then we 
may choose u E A with (y(G)) (a) = d, > 0. Let m, be such that 
p&x - y) < m, for all x, y E D, and let k, = sup{q,Jt) 1 (dJ2) < t < m,}. 
Since k, < 1, we may choose E > 0 such that k,(d, + E) < d, . Choose 
{Fi 1 i = l,..., n} with Fi C D, for each i with 
.nCi)F,, and P& - Y> G da + E 
i=l 
for each x, y E Fi and each i. Now T(Q) C UT=, T(F,). Let zc, w E T(F,). Then 
u = T(x), w = T(y) for some x,y E Fi . If p&x - y) < d,/2, then 
pu(u - w) < d,/2, while if p,(x - y) > dJ2, then we have 
Thus 
P~(U - 4 < k,(p,(x - Y)) G k,(d, + 4. 
P& - w) < ma I$- , k,(dol + e) 1 < d, , 
for any u, w E T(F,) and any 1 ,( i < n. It follows that y(T(Q)) + r(Q), so 
that T is y-condensing. 
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COROLLARY 3. Let X and D satisfy the conditions of Lemma 2 with D 
convex and closed. If S = T + C: D -f- K(X) satisfies condition (1) on D with 
T: D + X a generalized contraction and C: D + CK(X) compact and upper 
demicontinuous, then S has a $xed point. 
Proof. The result follows from Lemma 2 and Corollary 1 since a compact 
perturbation of a y-condensing mapping is y-condensing. 
COROLLARY 4. Let X be a uniformly convex Banach space with D C X 
closed, bounded, and convex. Suppose T: D-+X is nonexpansive (i.e., 
I/ T(x) - T(y)11 < 11 x - y II for each x, y ED) and C: D + CK(X) is com- 
pletely continuous (i.e., if (x,) C D converges weakly to x0 E D and yn E C(x,J 
for each n, then a subsequence of ( yn) converges trongly toy,, E T(x,)). Then, if 
S = T + C satis$es condition (l), S has a fixed point. 
Proof. Since S is l-y-contraction, in view of Theorem 2, it suffices to 
show that if (x,) CD, yn = T(x,) + a, with z, E C(x,), for each n, and 
(x, - yn) --f 0, then there exists some x,, E D with x0 E S(x,). Indeed, since X 
is reflexive, we may assume that (x,) converges weakly to some x E D. Then 
some subsequence of (z,), call it (z,> itself, converges to z E C(x). Hence 
(x, - T(x,)) --j + z, and since I - T is demiclosed (Browder [2]), we see 
that x - T(x) - z = 0, so that x E S(x). 
Remark. Corollary 4 remains valid when T: X-t CK(X) is nonex- 
pansive (in the sense that d*(T(x), T(y)) < I/ x - y  ]I for all x, y  E X, where 
d* denotes the Hausdorff metric on 2x corresponding to the metric generated 
by Ij II), provided that X satisfies the condition of Opial (and, in particular, 
when X is uniformly convex and has a single-valued weakly continuous 
duality mapping), since in this case, as was shown in [ll], the mapping I - T 
is demiclosed. In case C = 0, the corresponding result for multivalued 
nonexpansive inward mappings has been obtained in [17]. 
In order to extend some of Halpern’s [7] results for mappings T: D * 2x, 
where T(x) is star-shaped for each x G D, we must first define the following 
notions used in [7]. 
DEFINITION 5. Let X be a Banach space with V C X. Then, by the core of 
V, denoted by core I’, we mean {x E I’ / for each y  E X, there exists X > 0 
with x + Ay E V}. Z’ is said to be star-shaped provided that there is an x E V 
such that for each y  E I’ and each /3 E [0, I], /3x + (1 - /3) y  E I’. We will 
say that B is a collection of approximating maps for X provided that each 
P E 9’ is a continuous linear map of X onto some finite dimensional subspace 
of X depending on P, and for each compact subset A of X and E > 0, there 
is a P E 9 such that if x, y  E A and P(x) = P(y), then I/ .2* - y  /I < E. 
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THEOREM 3. Let X be a strictly convex Banach space equipped with a 
collection B of approximating maps, and suppose that D C X is closed and convex. 
Let T: D + 2x be upper semicontinuous and such that T(x) C I,(x) and T(x) 
is starshaped and compact for each x E D. Assume that there exists a compact 
convex subset A of D with core A f  o and such that K n D is compact, where 
K = K( T, D, A). Then T has a fixed point. 
Proof. Since A C K n D, we see that core K n D # o . As in Theorem 1, 
we may show that T(x) C In,,(x) for each x E D n K. Consequently, since 
D n K is compact, our result now follows from Theorem 20 of Halpern [7]. 
As an immediate corollary, we obtain the following generalization of 
Theorem 24 in [7]. 
COROLLARY 5. Assume that X and D are as in Theorem 3. Suppose there 
exists an A CD with A compact and core A # 0, Then, af T: D--f 2x is 
U.S.C. and @-condensing with T(x) starshaped, compact, and T(x) CID(x) for all 
x, T has a fixed point. 
Proof. Letting K = K( T, D, A), we see that since G{ T(D n K) u A} = K 
and T is +-condensing, the set D n K is compact. Q.E.D. 
Remark. As previously mentioned, after the results of this paper were 
obtained, the authors received from S. Reich a reprint of [17], in which he 
proved a fixed-point theorem for upper demicontinuous ball-condensing and 
convex-valued mappings defined on closed convex sets and satisfying condi- 
tion (1). His method of proof was based upon Zorn’s Lemma. We will 
conclude this paper by showing that when one has a @-condensing mapping, 
then we can deduce Corollary 1, and hence Reich’s results, and Corollary 5 
from the corresponding results for mappings with compact domains without 
recourse to either transfinite induction or Zorn’s Lemma. 
PROPOSITION 4. Let X be a separated locally convex topological vector 
space and let D be a closed convex subset of X. Assume S: D + 2x is Q-condens- 
ing and satis$es condition (1) on D. Then, for each Q C D with Q precompact, 
one can find an A C D with A 1 Sz, A compact and convex, and S satisfying 
condition (1) on A. 
Proof. For each x E D, choose h, E [0, 1) and yz E S(x) such that 
(1 - h,) (x) + h,(y,) E D. We keep these choices of yz. and h, fixed for the 
rest of the proof. Let 9 = (F C D 1 F 3 G’, F is closed and convex and 
(1 -h,)(x)+/\,(y,)EFfor each XEF};~# 0 since DEFaand we let 
A = f-b. Then A is convex, closed, and 52 CA. Moreover, if x E A, 
then x E F for each FE F, so that (1 - h,) (x) X,(yz) E F for each F E 9 and 
hence (1 - A,) (x) + h,( yZ) E A. Thus A E 9. Now C = EG{S(A) u Q> n A 
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is also in 9. Indeed, if x E C, then x E A so that (1 - A,) (x) + hz(yr) E A. 
But x E E{S(A) u L2} and S(X) E S(A) C G{S(A) U Q}. Thus 
Hence, (1 - A,) (x) + h,(y,) E C. Since A = nFEF , we therefore have 
A c A n E{S(A) u Q}, so that A C G{S(A) u Sz}. Consequently, since S 
is @-condensing, 
@(A) < @(co(S(A) u !2}) 
= @W(A) ” 4 
= @(W)), 
so that A is relatively compact, and so compact. Q.E.D. 
Remark. We observe that in the proof of Proposition 4, the Axiom of 
Choice is necessary, in general, to choose {ye E S(X) 1 x ED}. In certain 
cases, however, one can avoid the use of this axiom. This can be done, in 
particular, when S is singlevalued or when X is strictly convex and 
s: R -+ CK(X). 
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